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THE EXISTENCE AMI STABILITY OF NONLINEAR WAVE EQUATIONS 
C. V. Pao W i l l i a m  G.. Vogt 
Department of E l e c t r i c a l  Engineering 
Univers i ty  of P i t t sbu rgh  
Pi t t sburRh,  Pennsylvania 
1. In t roduc t ion  
The o b j e c t  of t he  present  paper is t o  e s t a b l i s h  some c r i t e r i a  
f o r  t he  ex i s t ence ,  the  uniqueness and t h e  s t a b i l i t y  o r  asvmptot ic  
s t a b i l i t y  of a s o l u t i o n  of t h e  second order  wave equat ion 
with t h e  boundary condi t ion 
where  a 5; 0, R is  a bounded domain i n  Rn, a R  is t h e  boundary of R and 
f is  a (nonl inear )  func t ion  def ined  on some s u i t a b l e  space. By choosing 
a s u i t a b l e  func t ion  g(x) defined on 5 such t h a t  g(x')=h(x') on a R  and 
rep lac ing  u by u-g, equat ion (1-1) remains t h e  same from with a homo- 
geneous boundary condi t ion  except wi th  a d i f f e r e n t  func t ion  f .  Thus w e  
s h a l l  assume t h a t  t h e  boundary condi t ion  (1-2) is homogeneous. L e t  u -u, 1- 
then (1-1) is  reduced t o  a system of equat ions  of t he  form au u2 = ii = -- a t '  
where 
-2- 
By a s u i t a b l e  choice of a func t ion  space,  equat ion  (1-3) toge ther  wi th  
the  zero  boundary condi t ion  may be considered as an a b s t r a c t  
d i f f e r e n t i a l  euuat ion of t he  form 
opera tor  
(1-4) 
d t  
where A is an a b s t r a c t  l i n e a r  opera tor  from some func t ion  space i n t o  
i t s e l f .  In  t h i s  paper,  w e  s h a l l  formulate  A as a l i n e a r  onera tor  
mapping p a r t  of t he  H i l b e r t  space Ii  z iio(Q) x L (52) i n t o  i t s e l f  and - f 
i s  def ined on I1 i n t o  I I ,  and then apply the  r e s u l t s  developed f o r  opera- 
t o r  d i f f e r e n t i a l  equat ions  i n  113 and [ Z ]  (which a r e  based on t h e  work 
by Kato 131) t o  e s t a b l i s h  cri teria on the  c o e f f i c i e n t s  of t he  pa r t i a l  
d i f f e r e n t i a l  ope ra to r  L and on the  func t ion  f so t h a t  t he  ex i s t ence  
and uniqueness of a s o l u t i o n  and t h e  s t a b i l i t v  o r  asymptotic s tab-  
i l i t y  of an  equi l ibr ium s o l u t i o n  (or any unperturbed s o l u t i o n )  can 
be ensured. We s h a l l  f i r s t  d i scuss  the  equat ion (1-1) w i t h  f E O  and 
then consider  t h e  more gene ra l  nonl inear  problem which is  c l o s e l v  
r e l a t e d  to t h e  l i n e a r  form. 
2. Background 
1 2 
Def in i t i on  2.1. By a s o l u t i o n  . -  u ( t )  of (1-4) with i n i t i a l  con- ----.- - -I-.. -e.. 
d i t i o n  "_ u(O) = uoc D(A) i n  a H i l b e r t  space II, w e  mean the  following: 
( a )  u(t1 1s iiniformlv L ipsch i t z  continuous i n  t f o r  each t 2 0 with - 
-- u(o) - uo; 
(h) u(t)FD(A) f o r  a l l  t 1 0 and the  s t rong  d e r i v a t i v e  of u ( t )  -. e x i s t s  
+ f o r  almost a l l  va lues  of t 2 0 and s a t i s f i e s  (1-4) a.e. i n  R . 
- 
Def in i t i on  2.2. An equi i ibr ium s o l u t i o n  of (1-1) is a s o l u t i o n  -- 
u such t h a t  f o r  any s o l u t i o n  u ( t )  of (1-1) wi th  ~ ( 0 )  = u -e - - e  
-3- 
f o r  a l l  t > U. l lu(t)-p*ll  = 0 = 
J t  can be shown t h a t  i f  u ( t )  is a s o l u t i o n  of (1-4) then i t  is 
an eoui l ibr ium s o l u t i o n  i f  and only i f  Au(t) - + f ( u ( t ) )  = 0 f o r  a11 t 1 0 
(c f  r i i ) .  
"..._ Def in i t i on  --- I . - 2.3 .  . I_ An equi l ibr ium s o l u t i o n  ( o r  any unnerturbed 
s o l u t i o n )  ue of 11-41 is  s a i d  t o  be s t a b l e  (with respect t o  i n i t i a l  
pe r tu rba t ions )  i f  g iven  any E > 0 ,  t h e r e  e x i s t s  a 6 > 0 such t h a t  
u i s  s a i d  t o  . -e 
( i )  
( i i )  
where u ( t )  is 
Ilu-u I I  < 6 impl ies  l l ~ ( t ) - y e l l  < E f o r  all t 2 - 0 ;  
' "-e 
be asymptot ica l lv  s t a b l e  i f  
i t  is s t a b l e ;  and 
l i m  
t - t m  I lu(t)-u,l I = 0 
any s o l u t i o n  of (1-4) wi th  u(O)=ucD(A). If t h e r e  
e x i s t  p o s i t i v e  cons t an t s  M and R such t h a t  
I I f o r  a11 t 2 o ( i i ) '  1 Iu_(t)-u*/ I 2 c piesBt I \x-we - 
then u is  c a l l e d  exponent ia l ly  asymptot ica l lv  s t a b l e .  - e  
Def in i t i on  2.4. L e t  u(t )  be a s o l u t i o n  t o  (1-4) with u(0) = u. 
-c- *------..- I 
A subse t  D of li i s  s a i d  t o  be a s t a b i l i t y  reg ion  of t h e  equi l ibr ium 
s o l u t i o n  u 
a 6 > 0 such t h a t  
(o r  any unperturbed s o l u t i o n )  i f  f o r  anv E > 0 t h e r e  e x i s t s  e 
u E D and f IU-u*l I < 6 imply I lu( t ) -u  I I < f: f o r  a l l  t 2 O. -e - 
Def in i t i on  2.5. Two i nne r  products  ( 0 . 0 )  and ( - * * l e  def ined  on -- -- - - I . _-,.... 
t he  same v e c t o r  space  H are s a i d  t o  be  equ iva len t  i f  t h e r e  e x i s t  some 
p o s i t i v e  cons t an t s  6, Y ,  such t h a t  
allu!I 5 IIUII < d l U U  f o r  a l l  u E H. e =  - (2-1) 
-4- 
The fol lowinp two theorems are from 111 and ( 2 1  hv t h e  au thors .  
Theorem 2.1. L e t  A be a l inear  ope ra to r  with domain D(A) and -- 
r m q e  R(A) both contained in P H i l b e r t  space 1i such t h a t  D ( A )  is dense 
-In TI and R(X-A)=II ,  I f  A s a t i s f i e s  
(u,Au) 2 - R I  1 1 1 1  1 ( R  0 )  for a l l  u F D(A)  (2-2) 2 - 
anti i i q  def ived  on all of tl  and s a t i s f i e s  
l ! F ( u )  - f(v)lI kllu-vl' 1 1 ,  v F t l  (2-3) 
=: 
for some k 5 P .  then (a) f a r  anv u cDtA! t h e r e  e x i s t s  a unique s o l u t i o n  
u ( t )  of (1-4) wi th  uf0)  = s: 
brium s o l u t i o r  o r  p e r i o d i c  s o l u t i o n )  is asymntot ica l ly  s t a b l e  i f  k < P 
and is s t a b l e  i f  k = B; (c)  a s t a b i l i t y  reg ion  i s  D(A) which can be 
-0 - 
(b) any unperturbed soli i t iorl  (e.y., e q u i l i -  
extended t o  t h e  whole space I-i. 
Remark: (a)  An onera tor  A s a t i s f v i n r !  (2-3) i s  c a l l e d  s t r i c t l v  
1.---. 
d i s s i p a t i v e  i f  P'0 and is c a l l e d  d i s s i p a t i v e  i f  R=O. The number P is 
called a d i s s i p a t i v e  cons tan t  of A. 
found i n  [21. 
(1)) Weaker condi t ion  on f can be 
Theorem 2.2. I n  theorem 2.1, i f  A is s t r i c t l v  d i s s i p a t i v e  wi th  a 
)e 
- r  - . 
d i s s i p a t i v e  cons tan t  R wi th  r e s p e c t  to  an equ iva len t  i n n e r  product (*, .  
and (2-3) i s  rep laced  by 
I l f ( d - f ( V ) l I e  2 kI IU-Vl l e  u, v E €i (2-4) 
f o r  some k 2 H ,  then a l l  t h e  r e s u l t s  i n  theorem 2.1 hold.  
3. Formulation of Abs t rac t  Operators  
Throuahout t h i s  paper ,  the  fol lowing convent ional  n o t a t i o n s  w i l l  be 
used: Cm(L?) denotes  t h e  class of a l l  m - t i m e s  (0 2 m 5 m) cont inuouslv 
d i f f e r e n t i a b l e  real-valued func t ions  on 62; t he  subse t  C?(S2) of Cm(Q) 
c o n s i s t s  of func t ions  i n  Cm(S2> with  compact suppor t  i n  St; we denote 
- 
0 
-5- 
0 u,v E c ( S t )  
The l i n e a r  space  C 1 ( Q )  equipped wi th  t h e  i n n e r  product (u, v), is 
0 
an inne r  product space.  The c l o s u r e  i n  t h e  norm I 1 0  I I of C:(I1) 
is a H i l b e r t  space and is denoted by lio(R).  
ti = Ho(R)  x L (Si), where L ( $ 2 )  i s  t h e  class of Lebesque square- 
i n t e g r a b l e  func t ions  wi th  i t s  usua l  i nne r  product,  is a l i n e a r  
1 
1 The product space 
1 2 2 
space  wi th  a d d i t i o n  and scalar m u l t i p l i c a t i o n  def ined  by 
and i t  is a H i l b e r t  space  wi th  t h e  inne r  product (u, - .]i-IlL. 
D e f i n i t i o n  3,l. L e t  S 2  be an open domain i n  t h e  Euclidean space 
0 -"_c)---- 
Rn, The o p e r a t o r  
is c a l l e d  a formal p a r t i a l  d i f f e r e n t i a l  ope ra to r  if a (x) = a (x) 
ij j i  
-6- 
and toge ther  with bi(x),  c (x )  are a l l  i n f i n i t e l y  d i f f e r e n t i a b l e  
func t ions  i n  no; and L is c a l l e d  s t r o n g l y  e l l i p t i c  i f  t h e r e  exists 
a p o s i t i v e  cons tan t  a such t h a t  
on R" f o r  any real vec to r  E = (c,, c2, * * . , E ~ ) .  
Consider t h e  s t rong ly  e l l i p t i c  formal par t ia l  d i f f e r e n t i a l  
ope ra to r  i n  the  divergence form 
L e t  R be a bounded subdomain whose c losu re  'i is contained i n  R 
and whose boundary i s  a smooth s u r f a c e  39 with no po in t  i n  aS2 
i n t e r i o r  t o  5 .  
0 
min Assume t h a t  c(x) < 0 f o r  x E 5 and w r f t e  cm=xc~(-c(x))  
Define 'ro as a l i n e a r  ope ra to r  from L ~ ( Q )  max and "M = X€si(-C(X))' 
i n t o  i t s e l f  by the  equat ions:  
D ( T ~ )  = {u E c'"(ij); u(x) = o f o r  x E an) 
(3-3) 
then To is a l i n e a r  opera tor  w i th  domain U(To) dense i n  L2(Q) s i n c e  
D ( T o > S C ~ ( Q )  which i s  dense i n  L2(52). 
( i .e. ,  t he  smallest closed ex tens ion  of To) by T. 
W e  denote t h e  c losu re  of To 
---- Lemma ....- 3.1.  L e t  To be def ined  i n  (3-3).  Then f o r  any u,v E D(To) 
Moreover, t he  c losu re  T of To is s t r i c t l v  d i s s ipa -  (Tau, v )  = (u, To v) .  
t i v e  with r e spec t  t o  t h e  inne r  product ( ~ 9 . )  
0 .  
-- Proof. For any u, v E D(To), i n t e g r a t i o n  by p a r t s  t w i c e  and 
n o t i c e  t h a t  a 
I n t e g r a t i o n  by parts once and using t h e  s t rong  e l l i p t i c i t y  of L, w e  
have for any u E D(To) 
(x) = a . . ( x ) ,  i t  can e a s i l y  be shown t h a t  Po~, v)=(u,Tov). 
ij J =  
- 7- 
which shows t h a t  To is s t r i c t lv  d i s s i p a t i v e .  For any u E 1)(T), t h e r e  
ex is t s  a sequence tun )  i n  D(To) such t h a t  
s i n c e  T is  the c l o s u r e  o f  To. It fo l lows  
prodi1c.t t h a t  
lh 
(u ,  T d o  = n- (Un. ToUn)o 5 
u 
by t h e  c o n t i n u i t y  of i nne r  
+ u and Toun + T u n 
which proves t h e  strict d i s s i p a t i v i t v  of T. 
1 2 
Lemma . . 3.2. ? T is a l i n e a r  ope ra to r  wi th  D(T)c€ia(R) and K(T)C L (Q) ,  
is  an everywhere def ined  continuous -1 and f o r  anv ry z 0 ,  (a1 - T) 
2 ope ra to r  on L ( a )  i n t o  i tsel€.  
Pxoo€. By 
e- 
of T c o n s i s t s  of a 
p o i n t  ( c f ,  Dunford 
1 t h e  d e f i n i t i o n  of T ,  D (T)CHo(52) and the  spectrum o(T) 
countable  d i s c r e t e  set of p o i n t s  with no f i n i t e  l i m i t  
and Schwartz [4] theorem XlV. 6.23). lience t h e r e  
e x i s t s  a real number rx 
r e so lven t  R(a 9 T) 
> 0 such t h a t  a. d a(T) which impl ies  t h a t  the  
0 
(aoI - T)-I  is an everywhere def ined  continuous 
0' 
l i n e a r  opera tor  on L 2 <  ( i l l .  Moreover t h e  d i s s i p a t i v i t y  of T impl ies  
that (a1 - T)- l  e x i s t s  and is continuous f o r  every a > 0 and toFether  
with t h e  condi t ion  D((aoI - T)- l )  = L 2 ( Q )  f o r  some a0 > 0 ,  we have 
2 l>((aI - T)-l)  = I, ($2) f o r  every a > 0 (cf .  Kato r51). 
I n  o rde r  t o  formulate  t h e  p a r t i a l  d i f f e r e n t i a l  equat ion  (1-3) 
as an ope ra to r  d i f f e r e n t i a l  equat ion  of t he  form (1-4). we d e f i n e  the  
ope ra to r  A by t h e  fo l lowing  equat ions:  
where a 0 i s  t h e  cons t an t  appearing i n  (1-1). - 
- S- 
Lemma 3.3.  The ope ra to r  A is a l i n e a r  ope ra to r  wi th  domain -. I
1 2 D(A) dense i n  11 = Ho(Q) x L (Q) and range R(A)  i n  H,  I.ioreover, 
R(1-A) = I f .  
Proof,  -4 .- . It is obvious t h a t  A is l i n e a r  w i t h  domain ])(A) dense 
1 1 i n  H since D ( T ) J D ( T o ) ~ C ~ ( n >  which is dense i n  1I0(S2), and Ho(SL), when 
considered as a subse t  of L 2 ( S 2 ) ,  is dense i n  L 2 ( 5 2 ) .  It is a lso  
2 c l e a r  t h a t  R ( A ) c  H s i n c e  R(T)c L (52). 
and show t h a t  t h e r e  ex is t s  an 
which is equ iva len t  t o  f i n d  an 
To show K(1-A) = H, let  w = 
E D(A) such t h a t  (I-A) u = w, 
1 and u2 F l l o ( R )  s a t i s f y i n g  the  
ti 
svstem of equat ions  
= w1 and -Tu + (l+a)u2 = w2. u1 - u2 1 
= u1 - w1 i n t o  t h e  second equat ion  y i e l d s  2 By s u b s t i t u t i n g  u 
((l+a)I - T)ul -- (1 + a )  w1 + w2. 
2 By lemma 3 .2 ,  R(a1-T) = L ( Q )  for every a > 0 whicli i n s u r e s  t h e  e x i s t e n c e  
of an u 
L2(52). 
completes t h e  proof of t h e  l e m m a .  
4. Equivalent  Inne r  Prbduct 
E D(T) s a t i s f y i n g  t h e  above e a u a l i t v  s i n c e  (l+a)wl + w2 is i n  1 
E H1(Q) which The f a c t  t h a t  D(T)C€fo ( i2 )  impl ies  u2 -- u1 - w1 1 
0 
I n  o rde r  t o  prove our main r e s u l t s ,  we s h a l l  in t roduce  an 
equ iva len t  i n n e r  product  on H with r e spec t  t o  which t h e  opera tor  A 
is d i s s i p a t i v e  or s t r i c t l y  d i s s i p a t i v e .  Following the  same idea  used 
by Buis (cf .  [61), w e  in t roduce  a l i n e a r  ope ra to r  S def ined  by: 
2 
D(S) = I)(To) x L (Q) 
u u E D(S) 
I
21 
2 
- 
= L2To a1 + a I 
and show t h e  following lemmas. 
( 4 -  1) 
-9- 
Lemma 4.1. The f u n c t i o n a l  V(u, - -  v) def ined  by -_)-.-- 
V(U. Y.) = (E, s VIo. u, v E n(s) 
I s  a continuous b i l i n e a r  f u n c t i o n a l  on D(S) ( i n  the  topology of H). 
Proof. I t  is e a s i l y  seen t h a t  V(u, v )  is b i l i n e a r  and t h a t  
E D(S)  
.-e I
V 
v(y,V) i= - Z ( U  ,T v + a 2 (ul,vl)o + a(ul,v2)o + a(u2.vl)0 + 2 ( u 2 , ~ 2 ) o .  l o 1 0  
I n t e g r a t i o n  by par t s  of t h e  f i r s t  t e r m  on t h e  r i g h t  and using the  
Schwartz i .nequal i ty ,  we have 
2 where k - max (2&, 2CM + a , 2). 
2 i n e q u a l i t y  and n o t i c e  t h a t  (rr+R) 
a, B w e  have 
2 
lV(u,v) -I i2 2 4k ( 
which is  equiva len t  t o  
I V(U,V) 
-10- 
where 
(4-3) 
2 kl = 2 m a x  (2Mn,2cM + a , 2). 
Thus V(u, -- ..- v) i s  continuous i n  the  topolonv of H which completes t h e  
proof of the  lemma. 
Tzmrna - - - .  _-.- 4.2. The b i l i n e a r  func t iona l  V(u_, v) d e f i n e s  an equ iva len t  
i nne r  product on D(S) i n  11 and t h e  ex tens ion  VCu, vS of  V(u. v) t o  11 
d a f j n e s  an equ iva len t  i nne r  product  on the  whole space H. 
- _ I  
Proof. Define (u,  v ) ~  = V(u, v ) ,  then tu ,  v) i s  b i l i n e a r  and , s  --- 
f o r  anv u = [:::I , v = ["IF D(S) we h m e  by lemma 3.1 
which shows that ( U , V ) ~  is symmetric. 
the  s t rong  e l l i p t i c i t y  cond i t ion  of L ,  w e  have 
Interzration liv D a r t s  and using 
where 
k2 = min (2a. 2cm, 1). (4-5) 
Hence V(u,v) - -  is p o s i t i v e  d e f i n i t e  on D ( S )  and t h a t  ( U , U ) ~  # 0 i f f  u # 0. 
It fo l lows  t h a t  (u,v), = V(u,v) I_ d e f i n e s  an inne r  product  on D(S).  From 
(4-2) and (4-4).  t he  inne r  product  ( U , V ) ~  is equ iva len t  t o  (u,v),, on 
D(S).  L e t  f ( u v v )  be the  ex tens ion  of V (u,v) ...- * from D(S) t o  Ii  and d e f i n e  
(2 9x1 e = ii(:,v) f o r  g ,  1 E H (4-6) 
then by t h e  c o n t i n u i t y  of V(u,v) .- on D ( S ) ,  v(u,x) possesses  a l l  t h e  
p r o p e r t i e s  of b i l i n e a r i t y ,  symmetrv, boundedness and p o s i t i v i t y  on H. 
-11- 
Moreover, from (4-2) and ( 4 - 4 )  
Note t h a t  ( 2 , ~ ) ~  co inc ides  wi th  (u,v) 
( * . - l e  is an equiva len t  i n n e r  product of !..-),, which completes t h e  
proof .  
f o r  u, v E D(S). Therefore  
S -. - 
I,t.nnna 4.3. The opera tor  A is s t r i c t l v  d i s s i p a t i v e  with r e spec t  .- - - . .) ..-- . 
t o  ( - * * ) e  i f  a > 0 and is d i s s i p a t i v e  i f  a = 0 where a is the  cons tan t  
appearing i n  (1-1). 
Proof. ~ -- We f i r s t  show t h a t  A -Is ( s t r i c t l v )  d i s s i p a t i v e  on D(To)xD(To). 
Since v(u,v)  . ..- is an ex tens ion  of V(y,v) w e  have, by t h e  d e f i n i t i o n  of S 
and by lemma 3.1, 
It  fol lows by t h e  s t rong  e l l i p t i c i t y  of L and t h e  r e l a t i o n  (4-7) t h a t  
ah (4-9) 
kl 
where 
x = min (a, cm9 11, 6 = - 
Thus A is d i s s i p a t i v e  on D(To) x D(To) i f  a = 0 and is s t r i c t l v  d iss ipa-  
- 12- 
t i ve  i f  a > 0. Next w e  show t h a t  A is ( s t r i c t ly )  d i s s i p a t i v e  on 
(u,  A = (u,S - A U I 0  = -2(u 1 0 2 0  ,T u + a(ul,Tu 1 0  + 2(u2,Tul)o - a (U2 ,U2)o .  
Since T is t h e  c l o s u r e  of T 
U ( T o )  such t h a t  vnwl and T v -+Tul i n  t h e  topology of L (52) which impl ies  
bv l e m m a  3.1 t h a t  
2 i n  L ( ( 2 ) .  t h e r e  e x i s t s  a sequence {vnl i n  
0 
2 
o n  
(u2,Tul)o = = l im(Tou2 ,~n)o  = ( T o ~ 2 . ~ l ) o .  
Moreover bv Garding's I n e q u a l i t y ,  t h e r e  e x i s t  cons tan t  c c such t h a t  1' 2 
2 
< C1(TVn,Vn)o + c21 l o  2 lTvn 
1 
2 1 lvnl 1, = 
w e  have v +u i n  Ho(Q). L e t  un = [ :] then u +u i n  li 
r e spec t  t o  I I I I 
n 1  *-n - 
It follows from ( 4 - 8 )  t h a t  e' 
l o t  lvnl 10+c21 
and thus gn+u -
2 
"n' 1, 
with 
(4-10) < l i m  t-61 l e ]  2 = -81 I U l  l 2  U E D(T)XD(To). = n-tm e -. 
To show the  d i s s i p a t i v i t y  of A on I l (A) ,  l e t  u = 1 E D(A), t h a t  is, 
u1 E D(T) and u2 E Iio(R). 
such t h a t  wn+u2 i n  the  topology of IIo(Q) s i n c e  D ( T o ) 3  C:(Q) which is  
dense i n  It 1 (62). L e t  un = [ ?.] F. D(T)xD(To) then 
1 1 2 1  n Then t h e r e  e x i s t s  a sequence {w 1 i n  I)(To) 
1 
= u and 
0 
l i m  = A u  - _  
Tu1 - aw Tul - au2 
where t h e  convergence of both tu 1 and {Au 1 ho ld  i n  t h e  topology of lie 
Iience by t h e  equivalence between I I I I 
the  topology of tiee 
-a n 
and I I * I I e, un+u and Au -Mu i n  H n -  
It follows from (4-10) t h a t  
-13- 
which shows t h a t  A is  d i s s i p a t i v e  i f  p=O (i.e., a=O) and is  s t r i c t l y  
d i s s i p a t i v e  i f  P>O (i.e. a>O). 
5. The Main Resu l t s  
Theorem 5 . 2 .  L e t  the  ope ra to r  I. I n  (1-1) be a s t r o n g l v  e1 l ip t f .c  
~ .----.-I-. 
- 
f n n n a l  p a r t i a l  d i f f e r e n t i a l  ope ra to r  wi th  c(x)<O for x E ( 2  wherp R i s  
a bounded domain i n  Rn wi th  s u f f i c i e n t l y  smooth s u r f a c e  216. Then f o r  
any i n i t i a l  d a t a  uo(x) i n  U(T) and v,(x) i n  H;f!?) t h e r e  e x i s t s  a 
unique s t rong  s o l u t i o n  u ( t , x )  ( i n  the sense  o f  d c f i n i t j o n  2.1 wi th  
u(? ,x)  s t r o n g l y  d i f f e r e n t i a b l e  i n  t f o r  all t20) of t h e  l i n e a r  equa- 
t i o n  (1-1) (i.e.s E O )  and t h e  homogeneous boundary condi t ion  such 
t h a t  u(O,x)=uo(x) and 6(0,x)=vofx).  
u(t,x)EO is s t a b l e  i f  as0 and is asymntot ica l lv  s t a b l e  i f  a>O.  
Moreover, t h e  n u l l  s o l u t i o n  
Proof. By lemma 3.3 A i.s a l i n e a r  ope ra to r  wi th  D(A)  dense i n  -- 
ti and R(A)  contained i n  I1 such t h a t  R(I -A)= l i .  BV lemma 4.3, A is 
s t r i c t l y  d i s s i p a t i v e  ( resp . ,  d i s s i p a t i v e )  wi th  a d i s s i p a t i v e  cons tan t  
,3 with  r e spec t  t o  the  eau iva len t  inner  product  (. ,.)e. It  follows by 
anplying theorem 2.2 wi th  fro  t h a t  a l l  the  r e s u l t s  s t a t e d  i n  t h e  theorem 
hold ,  where the  underlying H i l b e r t  space is  H. 
of u ( t , x )  f o r  a l l  t 2 0 follows from a theorem due t o  Lmer and P h i l l i p s  
[71 (see a l s o  131). 
-- 
The s t r o n g  d i f f e r e n t i a b i l i t y  
- 
Theorem 5.2. T,et the  opera tor  L i n  (1-1) be t h e  same as i n  -. _- --.* .. -... 
theorem 5.1. Assume t h a t  f is a func t ion  def ined on a l l  of H i n t o  
L2(i2), 
1 If t h e r e  e x i s t s  a number k> 0 such t h a t  for any u ,v  E l io(S2) = 
and ut, v' E L 2 ( Q )  
lux -vx 
i i  
2 ! o+ 2 1/2 Iu'-v' I I o) 
- 14- 
Then f o r  any i n i t i a l  element uo(x) i n  D(T) and v,(x) i n  li'(61) t h e r e  
e x i s t s  a unique s o l u t i o n  u ( t , x )  of (1-1) s a t i s f y i n g  the  homopeneous 
0 
boundarv condi t ion  such t h a t  u(O,x)=uo(x) and u (O,x)=v (x,. Moreover, 
any unperturbed s o l u t i o n  such as equi l ibr ium s o l u t i o n  o r  p e r i o d i c  solu- 
t i o n  (if any), is s t a b l e  i f  k=(k2/kl)1'2B and is exponent ia l ly  asymptot ica l ly  
t 0 
s t a b l e  if k<(k2/k,)1/2t3 where kl,k2 are given bv (4-3), (4-5) r e s p e c t i v e l v  
and R is  given bv (4-9). 
Remark. .- r -.- ~ (a)  The i n i t i a l  elements uo(x) and vo(x) in theorems 5.1 
1. 2 and 5.2 can be in t he  spaces  H o ( S l )  andL (52) r e s p e c t i v e l v  s i n c e  t h e  i n i t i a l  
element i n  I)(A)=D(T)x€l;(lL> can be extended t o  6(-K), t he  closure of D ( A ) ,  
which is e a u a l  t o  'ti; (b) The condi t ion  (5-1) can be weakened t o  some 
e x t e n t  ( see  [ 2 ] ) ;  ( c )  For k>(k2/kl)1/2B, the  s o l u t i o n  i n  theorem 5.2 i s  
a weak so lu t ion .  
Proof ,  I - .._. It s u f f i c e s  t o  show t h a t  - f ( u )  .-, s a t i s f i e s  t h e  condi t ions  i n  
theorem 2.2 i n  the  equ iva len t  H i l b e r t  mace lie s i n c e  by hypotheses a l l  
t h e  assumntions on A a r e  s a t i s f i e d  as is shown i n  theorem 5.1. By 
2 hynothes is ,  f =(:I is def ined  on a l l  of H=H:(Sl)xL ($2) i n t o  I i .  By t h e  
r e l a t i o n  (5-1) f o r  any - u =[:,), =(:,) i n  H9 w e  have 
1 /2  where we  have used t h e  equiva lence  r e l a t i o n  (4-7). fience i f  (k /k ) k;P, 1 2  
t h a t  i s ,  k 5 - (k2/k1)1/28. a l l  t h e  r e s u l t s  s t a t e d  i n  the  theorem fol lows 
d i r e c t l y  from theorem 2.2. I n  case k > (k2/kl)1/2R. the  ex i s t ence  and 
uniqueness of a s o l u t i o n  i n  II s a t i s f y i n g  t h e  p r o n e r t i e s  i n  t h e  theorem 
fol low from [81 due t o  Urowder. It has  been shown i n  [I1 t h a t  i f  
u ( t , x )  is a weak s o l u t i o n  i n  an  equ iva len t  H i l b e r t  space He, i t  is  a l s o  
e 
-15- 
a weak s o l u t i o n  i n  t h e  o r i g i n a l  H i l b e r t  space II. Thereforc? t h e  
e x i s t e n c e  and uniqueness of a weak  s o l u t i o n  is proved €or RPV 
fi .ni . te v a l u e  of k which completes &he proof of t h e  theorem. 
Corol larv.  Le t  t h e  onera tor  I, i n  (1-1) he t h e  same a s  i n  --. .--" - .I 
2 
theorem 5.1. 
results i n  theorem 3.2 hold.  
If f(x,u,uX , ut) f ( x )  is i n  L (0) then  a11 t h e  
i 
The condi t ion  (5-1) impl ies  t h a t  f is T.ipschitz continuous 
on H. Converselv, i f  f i s  continuous on If, n o t  necessarilv 
T,inschitz cantinrious. w e  m n  weakpn t h e  eondit-ion (5-1) t o  qome 
e x t e n t  as i n  t h r  fo l lowinr  theorem which r a n  be proved i n  a 
9 t r aie,ht f orwiird wav, 
Theorem 5.3. L e t  thn merator T, i n  (1-3) he t h e  s.me as i n  
I +.. . 
throrem 5 .1 .  If € is  def ined  and continilnus on 11 such t h n t  condi t ion  
(5-1) holds f o r  anv dense subset 11 of f l  ( e . a . ,  T)=Cm(rl)xCw(Q))* then 
a l l  t h e  r e s u l t s  i n  t h e n r t m  5 . 2  a r e  v q l i d .  
0 0 
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